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We characterize the set of functions which can be approximated by polynomials
with the following norm

k
[ £ 11 e “([a,b], w) *— Z H.f(j)HLm([a.b],wj) 5
j=0

for a big class of weights wq, wy, .., W, © 2001 Academic Press.
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1. INTRODUCTION

If I is any compact interval, Weierstrass’ theorem says that C(/) is the
biggest set of functions which can be approximated by polynomials in the
norm L*(I), if we identify, as usual, functions which are equal almost
everywhere. There are many generalizations of this theorem (see, e.g., the
monograph [L]).

Here we study the same problem with the norm L* (7, w) defined by

1 £enz, wy 2= ess sup | f(x)] wix), (L)

xel

where w is a weight, i.e., a non-negative measurable function, and we use
the convention 0- oo =0. Observe that (1.1) is not the usual definition of
the L norm in the context of measure theory, although it is the correct
one when we work with weights (see, e.g., [BO]). If w=(wq, ..., w) is a
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vectorial weight, we also study this problem with the Sobolev norm
W* (A, w) defined by

k
(WAl 04, w) - z Hf(j)HLOO(A, w;) 2
j=0

where 4 :=(J¥_, supp w;. It is obvious that W% (4, w)=L>*(4, w).

Weighted Sobolev spaces is an interesting topic in many fields of mathe-
matics (see, e.g., [HKM, K, Ku, KO, KS, and T]). In [ELWI1], [EL],
and [ ELW2] the authors study some examples of Sobolev spaces for p =2
with respect to general measures instead of weights, in relation with
ordinary differential equations and Sobolev orthogonal polynomials. The
papers [ RARP1], [RARP2], [R1], and [R2] are the beginning of a
theory of Sobolev spaces with respect to general measures for 1 <p < co.
This theory plays an important role in the location of the zeroes of the
Sobolev orthogonal polynomials (see [ LP, RARP2, and R1]). The loca-
tion of these zeroes allows us to prove results on the asymptotic behaviour
of Sobolev orthogonal polynomials (see [ LP]).

Now, let us state the main results here. We refer to the definitions in the
next section. Throughout the paper, the results are numbered according to
the section where they are proved.

We denote by P**(4,w) (k>0) the set of functions which can be
approximated by polynomials in the norm W% * (4, w), where we identify,
as usual, functions which are equal almost everywhere. We must remark
that the symbol P* (4, w) has a slightly different meaning in [ RARP1],
[RARP2], [R1], and [R2].

First, we have results for the case k =0.
THEOREM 2.1.  Let us consider a closed interval I and a weight we Ly, (1),

such that the set S of singular points of w in I has zero Lebesgue measure.
Then we have C*(R)nL*(I, w)= C(R)n L*(I, w)=H, with

H={feC(I\S)nL*(I,w): for eacha€ S,
31, e R such that esslim |f(x)—1,] w(x)=0},

xel,x—a

where the closures are taken in L* (I, w). If ae€ S is of type 1, we can take
as 1, any real number. If a€S is of type 2, l,=esslim, >, ., f(X)
for £>0 small enough. Furthermore, if I is compact we also have
P%(I,w)=H.

If feHn L'(I), I is compact, and S is countable, we can approximate f
by polynomials with the norm |||tz vy + |- | £1()-

The following are two of the main results for k> 1.



WEIERSTRASS’ THEOREM IN SOBOLEV SPACES 121

THEOREM 5.3. Let us consider a compact interval I and a vectorial weight
W= (Wg, ., W) € L= (I) such that w;' € L'(I). Then we have

P (Lw)y={f:1->R/f*"VedC) and f® e P** (I, w)}.

THEOREM 5.4. Let us consider a compact interval I and a vectorial weight
W= (Wg, .., W) € L*(I) such that the set of singular points for w, in I has
zero Lebesgue measure. Assume that there exist a, €I, an integer 0 <r <k,
and constants ¢, 0 >0 such that

(1) wy(x)<clx—ag| wi(x) in [ag—0,ag+3]1 N1, for r< j<k,
S \Lay—e,ap+21 Wi - < 00, for every &> 0,
3) ifr>0,aqis (r—1)-regular.

Then we have

Pee(Lw)={f:1->R/f* Ve AC,.(I\{ae}), f* e P* (I, wy),
IleR with esslim |f®(x)—1| w,(x)=0,

xel,x—a

esslim /) (x) w;(x)=0,

xel, x—a,

forr<j<kifr<k—1,and f"="e ACI) if r>0}.

This result gives the characterization of P* * (I, w) for the case of Jacobi
weights (see Corollary 5.1). There are other characterizations of
P% = (I, w) with weaker hypothesis on w, (see Theorems 5.5, 5.6, and 5.7).
There are also results for weights which can be obtained by “gluing”
simpler ones (see Theorems 5.1 and 5.2).

We have results for non-bounded intervals (see Theorem 6.1 and
Propositions 6.1, 6.2, and 6.3 in Section 6). These results deal with the case
of Laguerre, Freud, and fast decreasing degree weights.

The analogue of Weierstrass’ theorem with the norms W* (4, u) (with
I<p<oo and pu a vectorial measure) can be founded in [ RARP2] and
[R2].

Now we present the notations we use.

Notations. Throughout the paper k >0 denotes a fixed natural number.
Also, all the weights are non-negative Borel measurable functions defined
on a subset of R; if a weight is defined in a proper subset E < R, we define
it in R\E as zero. If the weight does not appear explicitly, we mean that
we are using the weight 1. Given 0 <m <k, a vectorial weight w and a
closed set E, we denote by W* ®(E, w) the space W* (4 E, w|,) and
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by W*=™=(4,w) the space W*="™=(A, (w,, .., w;)). We denote by
supp v the support of the measure v(x)dx, ie., the intersection of every
closed set E =R verifying [g\z v=0. If 4 is a Borel set, |4|, x , int(4), and
A denote, respectively, the Lebesgue measure, the characteristic function,
the interior and the closure of A. If I, U are subsets of R, the symbol 0,U
denotes the relative boundary of U in I. By /) we mean the jth distribu-
tional derivative of f. P denotes the set of polynomials. We say that an
n-dimensional vector satisfies a one-dimensional property if each coor-
dinate satisfies this property. Finally, the constants in the formulae can
vary from line to line and even in the same line.

The outline of the paper is as follows. Section 2 is dedicated to the proof
of the theorems in the case k = 0. Section 3 presents most of the definitions
we need to state the results in Sections 5 and 6. In Section 4 we collect the
technical results of [RARP1], [RARP2], and [R1] that we need. We
prove the theorems for k£ > 1 in Sections 5 and 6. The results for non-bounded
intervals are proved in Section 6.

2. APPROXIMATION IN L*(1, W)

DEerFINITION 2.1. Given a measurable set A4, we define the essential
closure of A as the set

essclA:={xeR:|[An(x—0J,x+0)]>0,V5>0} .

DerFINITION 2.2. If A is a measurable set, f is a function defined in 4
with real values and aeess cl 4, we say that esslim, ., .., f(x)=/eRif
for every £¢>0 there exists ¢ >0 such that |f(x)—I| <& for almost every
xeAn(a—o,a+9). In a similar way we can define esslim,_, .., f(x)
=00 and esslim, . 4 ., f(x)= —oo. We define the essential limit superior
and the essential limit inferior in 4 as follows:

ess lim sup f(x) := inf ess sup f(x),
xeA, x—a 0>0 xedn(a—d,a+9)

ess lim inf f(x) :=sup ess inf f(x).
xe€A, x—a 0>0 xedAdn(a—3J,a+9)

If we do not specify the set 4 we are assuming that 4 =R.
Remarks.

1. The essential limit inferior (or superior) of a function f does not
change if we modify fin a set of zero Lebesgue measure.
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2. We have

ess lim sup f(x)=ess lim inf f{x),

xed,x—>a xeA, x—>a
esslim f(x)=/1if and only if ess lim sup f(x)=ess liminf f(x)=1
xeA,x—>a xeAd,x—a xeA,x—>a
3. We impose the condition aeesscl A in order to have the unicity

of the essential limit. If we do not have this condition, then every real num-
ber is an essential limit for any function f.

DerFINITION 2.3. Given an interval I and a weight w in / we say that
ael is a singularity of w (or singular for w) in [ if

ess lim inf w(x)=0.

xel,x—a
We say that a singularity a of w is of type 1 if

ess lim w(x)=0.

xel,x—a

In other cases we say that « is a singularity of type 2.

Remark. The set of points which are not singular for w in 7 is a relative
open set in 1.

LEmMMmA 2.1.  Let us consider an interval I, a weight w in I, and a point
ae I which is not singular for w in I. Then there exists 6 >0 such that every
function in the closure of C(R) with the norm L% (I,w) belongs to
CIn[a—6,a+d]).

Remark. Observe that every function in C(J) can be extended to a func-
tion in C(R); therefore, the closures of C(R) and C(J) with the norm
L (I, w) are the same. Recall that we identify functions which are equal
almost everywhere.

Proof. We have that

sup ess inf w(x)=1>0.
0>0 xelIn(a—3d,a+9)

Therefore there exists 6 > 0 with

ess inf w(x)>=>0.
xeln(a—3d,a+0d) 2
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Hence, we have

/
max | g(x)1,

HgHLw(Im(a—a,a+5),w)>§ HgHLw(In(a—(s,a+5)):§ welnlass avs]

for every g e C(R). This inequality gives the lemma, since if f'is the limit of
functions {g,} = C(R) with the norm in L*(In (a—9J, a+ ), w), it can be
modified in a set of zero Lebesgue measure in such a way that it is the
uniform limit of {g,} in In[a—d,a+J].

LeEmmA 2.2.  Let us consider an interval I, a weight w in I and a singular
point a of win I of type 1. Then every function f in the closure of C(R) with
the norm L (I, w) verifies

ess lim f(x) w(x)=0. (2.1)
xel,x—a
Proof. Let us assume that (2.1) is not true, i.e.,
ess lim sup |f(x)| w(x)=1>0.
xel,x—a

Therefore for every 6 >0 we have

ess sup | f(x)| w(x)=1>0.
xeln(a—d,a+9)

Since a is of type 1 we deduce

ess lim |g(x)] w(x)=0,

xeln(a—d,a+9)

for every g € C(R). This implies that for each g€ C(R) and ¢ > 0 there exists
0 >0 with

ess sup lg(x)| w(x)<e.
xeln(a—d,a+9)

Consequently, for this 6 >0 we have
I f— gHLOO(I, w) = I f— gHLOC(Ir\(afé,aﬁL&), w)
= HfHLw(In(aﬁs,aJﬂs),w)_ HgHL"O(Ir\(afé,anL&),w)>l_8a

for every ¢ >0 and ge C(R). Hence we have

Hf—g”Lw(I,w)>l>0,
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for every ge C(R). This implies that f can not be approximated by func-
tions in C(R) with the norm L* (I, w).

LeEmmA 2.3. Let us consider an interval I and a weight we L*(I). Denote
by S the set of singular points of w in I. Assume that a€ S is of type 1
and |S|=0. Then, for any fixed ¢>0 and fe C(I\S)nL*(I, w) with
esslim, ;. ., f(x)w(x)=0, there exist a relative open interval U in I
with ae U and 0,UcI\S (and Ucint(l) if acint(I)) and a function
geL*(Iw)nC(U) such that g=f in I\U, |f—glloeqwm<ée (and
I f—gllpn<e if fe LY(I)). Furthermore, we can choose g with the addi-
tional condition g(a) =0 or even g(a) = A for any fixed /. €R.

Proof.  Without loss of generality we can assume that a is an interior
point of I, since the case aedl is simpler. Take »n such that
[a—1/n, a+1/n] cint(I). Since |S| =0, there exist y, € (a, a+1/n)\S and
x, €(a—1/n, a)\S verifying

ISyl <27"+ essinf [f(x)[,  [f(x,)[<27"+ ess inf |f(x)|.

xela,a+1/n] xela—1/n,a]

Let us define now the function f, (which is continuous in an open
neighbourhood of [ x,, y,], since x,,, v, ¢S) as

% flx,) if xelxn.al,
X,—da

TV=RX2a oy vela ),
yn_a
£(x) it xel\[x,, v]-

Observe that | f,(x)] <27"+|f(x)| for almost every xe[x,, y,,]. Hence

1= fall Lo wy = 1L = Fall or,, 3,10 w) < 2 1 1 2oorx,. 3,00 277 Wl 2oy »

and this last expression goes to 0 as n— oo, since esslim,.; .., f(X)
w(x)=0.If fe L'(I), we also have

If=fullpgy =1~ 1n 2y, 3,1 <2 Hf”Ll([xn,yn]) +27" (Y —X,)

and this expression goes to 0 as n — co. Observe that f, (a) =0; it is easy
to modify f,, in a small neighbourhood of a in order to have f,(a) =4, for
fixed 1€ R. This finishes the proof of the lemma.
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LemMA 2.4. If A is a measurable set, we have:

(1) esscl A is a closed set contained in A.
(2) |A\essclA|=0.
(3) If fis a measurable function in A Uesscl A, acesscl A and there
exists €8S 1M, ¢ s 1 4, x> a J(X), then there exists esslim, . 4 ., f(x) and
esslim f(x)= esslim  f(x).
xeAd, x—a xeesscl A, x—>a

(4) If |A| >0 and f is a continuous function in R we have

HfHLw(A)= sup | f(x)].

xeesscl A
Proof. (1) is direct.

(2) 1is a consequence of the Lebesgue differentiation theorem, since
we have

i 1 x+0 |
al—r}}) % x—0 XA_ ’

for almost every x € 4, and this implies |4 N (x—J, x + )| >0 for almost
every xe€ A and every 0 > 0.

Assume now that esslim, . a4 x4 f(x)=I/€R. Consequently, for
every ¢>0 there exists 6 >0 such that for almost every xeesscl 4N
(a—3d,a+06) we have |f(x)—I|<e Since |A\essclA|=0, we have
| f(x)—1| <e, for almost every xe 4 n(a—3J, a+J). This gives (3) if /e R.
The case /= + o0 is similar.

The statement (2) gives

HfHLOO(A)< HfHLw(essclA) < sup |f(x)].

xeesscl A

We have |f(x)|<|fllpey for almost every xeA. Then |f(x)|<
[l £l Loy for every x eesscl A4, since f is continuous. Therefore

sup | f(x) < ”fHL"O(A)'

xeesscl A

These two inequalities give (4).
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LeMMA 2.5. Let us consider an interval I, a weight w in I, and ael. If
esslimsup, s ., w(x)=1>0, then for every function f in the closure of
C(R) n L*=(I, w) with the norm L®(I, w) there exists the finite limit

esslim  f(x), for every 0<e<l

w(x)=e x—a
Proof. We have for every 6 >0

ess sup w(x)=[>0,
xeln(a—9d,a+9)

and then
{xeln(a—d,a+0d):w(x)=¢e}|>0,

for every 0 >0 and 0 <& <[ This implies that a belongs to ess cl 4., where
Ay i={xel:w(x)=e}.
If ge C(R)n L*(I,w), 0<e</, and ¢ >0, we have

& ‘|g”L°°(A€r\[a75,a+5]) < ‘|gHL°°(A£r\[a75,a+5], w) -

Since esscl (A, n[a—3d,a+J]) is a compact set and ge C(R) n L=(I, w),
Lemma 2.4 (4) gives

€ max 18(X) <&l Lo, nra—s.a+61 w) -
xeesscl(4,n[a—J,a+3])

Consequently, if { g,} = C(R) n L*(1, w) converges to f in L*(1, w), then { g,,}
converges to f uniformly in esscl (4, n[a—d,a+0]) and fe Cesscl (A4,
N[a—0d,a+0d])) for every 6 > 0. Therefore f e C(ess cl A,). This fact and
Lemma 2.4 (3) give that, for 0 <e¢ </, there exists

esslim f(x)= esslim f(x)= lim f(x).

x€d, x—a xeesscl 4, x—>a xeesscld, x>a

LEMMA 2.6. Let us consider an interval I, a weight w in I, and a singular
point a of w in 1. Then every function f in the closure of C(R)L*(I, w)
with the norm L*(I, w) verifies

inf (ess lim sup | f(x)| w(x) ) =0. (2.2)

£>0 w(x)<e x—a

Proof. Observe first that aeesscl({xel:w(x)<e}) for every ¢>0,
since « is singular for w in I. Let us assume that (2.2) is not true, i.e.,

ess lim sup | f(x)| w(x)=1>0,

c
x€eAd,x—a



128 JOSE M. RODRIGUEZ

for every e >0, where A, :={xel:w(x)>e} and A¢:=1\A,. Therefore for
every & 0 >0 we have

ess sup [f(x)] w(x)=1>0.
xed; n(a—3J,a+9d)

For each ge C(R)n L*(1, w), e>0, and 0 >0, we have

HgHLW(Agn(afé,aJr&), w) el roraa—s,ats))< 0.
Consequently
I f— g”LOO(I, wy = If— gHLw(Agr\(a—é,a+5), w)
= ”fHLw(Agm(a—é,a+5), w) Hg”Lw(Agn(a—a,a+a), w)>

and therefore

I f— gHLOO(I, w)>l_8 ‘|gHL°°(Ir\(a—6,a+5)) 5

for every ge C(R) n L*(I, w) and J, e >0. Hence we obtain

If =&l zoz,wy=1>0,

for every ge C(R) n L™(1, w). This implies that f cannot be approximated
by functions in C(R) N L*(I, w).

LEMMA 2.7. Let us consider an interval I, a weight w in I, and ael. If
esslim, ;. ,w(x)=0 and inf,_, (ess im sup,,x) <, x— o [f(X)] W(x)) =0,
then we have ess lim, .; ., f(x) w(x)=0.

Proof. For each >0 there exist ¢, J; >0 such that

ess sup Lf(x)] w(x)<n.

w(x)<e xeln(a—3dy,a+dy)

We also have that there exists d, >0 such that w(x) <e¢ for almost every
xeln(a—9d,,a+d,). If we take 6 :=min(d,, J,), we obtain

ess sup | f(x)] w(x) < ess sup |Lf(x)] w(x)<n,
xeln(a—d,a+9) w(x)<e xeln(a—3dy,a+9dy)

and this finishes the proof.

LeEMMA 2.8. Let us consider an interval I and a weight we L*(I). Denote
by S the set of singular points of w in I. Assume that a€ S and |S| =0. Then,
for any fixed n >0 and f e C(I\S) n L*(I, w) such that
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(a) infs>0(ess hm Supw(x)<s,x—>a |f(x)| M)(x)) = 09
(b) there exists the finite limit ess lim,, >, ., f(x), for e>0 small
enough,

there exist a relative open interval U in I with ac U and 0,UcI\S (and
Ucint(l) if acint(I)) and a function ge L*(I, w)n C(U) with g=f in
INU, |/~ gll o <11 (and | f= gl iy <n if £ L' (D). Furthermore, we
can choose g with the additional condition g(a)=ess lim,,,) >, .-, f(x), for

&> 0 small enough.

Proof. 1If ais of type 1, Lemmas 2.3 and 2.7 give the result. Assume now
that a is of type 2. Without loss of generality we can assume that a is an
interior point of /, since the case a €0l is simpler.

We consider first the case ess lim sup,._, .+ w(x)>0 and ess lim sup,_, ,- w(x)
> 0. For each natural number 7, let us choose ¢, >0 with lim,,_,  ¢,=0
and

1
ess lim sup | f(x)| w(x) < —.
n

w(x)<eg,, x—>a

Let us consider now J,,> 0 with lim J,=0 and

n— oo

ess sup Lf(x)] w(x) < %, (2.3)

xe(@a—0,,a+3,) N4,
where A, = {xel:w(x) >¢} and A, :=1I1\A,. We define [ :=
esslim, 4 x4 f(x), for any £> 0 small enough. We can take J, with the
additional property |f(x)—/| <1/n for almost every xe(a—9J,,a+9d,)
NnA,. Let us choose y,€(a,a+9,)\S and y,e(a—d,, a)\S with

|f(y,) =1l <1/n and |f(y,)—1] <1/n. We define the functions a,(x) and
b,(x) in [y.,7,] as follows:

min{/, f(y,)} —1

I+ (x—a) if xela y,],
Vn—d
a(x) = o
l+(x_a)%(yn)}_l if xe[y,, al,
Vn—d
and
() BRSO 2Dy,
ba(x) 1= o
It (x—a) RSO = e

!
Vn—d
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Now we can define the functions g,, € L*(I, w) n C([ ., 7, ]) in the following
way:

A(x) if xely,,7,] and f(x)<a,(x),
(x) if xe[y,. p,]and f(x)=b,(x),
f(x) in other case .

Observe that a,(x)<g,(x)<b,(x), |a,(x)—1I| <1/n, and |b,(x)—1I| <1/n,
for every x e[y, 7,]. Therefore |g,(x)—1I| <1/n for xe[y,, v,] and

I f— gn ”Lw([y;,, mlnd, w) SZ HWHL“O(I) . (2.4)

We prove now lim,, , o, [/ = gull L=y, 5,7, w) = 0. The facts

1
lgn ‘|L°O([y;,y,,]ﬂAi,,’W) < <|l| +n> Ens

and (2.3) give

1 1
— gl ooy ¢ <=+ ll+=)e,.
f—gnllz ([ 7l ) S ) <|| n>

This inequality and (2.4) give

1 1 2
1= gallzetpgo < 4 (1143 ) ont 2 ol
If fe L'(I), we also have

I f— gx HLI(I) =f—gn HLI([y;l,yn])
1 !
W+ (1+7) a1

This finishes the proof in this case.

If ess lim sup,, _, ,+ w(x) >0 and ess lim sup,._, ,- w(x)=0, we only need
to consider the functions g, for x >a and the functions f, in the proof of
Lemma 2.3 for x <a (recall that we can choose f, with f,(a) =1).

The case esslimsup,_,+ w(x)=0 and esslimsup,_,- w(x)>0 is
symmetric.

The following result is direct.

PROPOSITION 2.1.  Let us consider a sequence of closed intervals {I,},c 4
such that for each ne€ A there exists an open neighbourhood of I, which does
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not intersect \),,, z, I,,. Denote by J the union J:=\), I,,. Let us consider a
weight w in J. Then we have

CJ)nL®(J,w)=() CI,)nL"(I,, w),

n

where the closures are taken in L™ with respect to w, in the corresponding
interval.
We also have a similar result for contiguous intervals.

PROPOSITION 2.2.  Let us consider an interval I and a weight we L7..(I).
Let us consider an increasing sequence of real numbers {a,},c ,, where A
is either 2%, Z=, Z, or {1,2,.,N} for some NeN such that
I1=U,la,, a,,1] and a, is not singular for w in I if a,, is in the interior of
L Then we have

C®(I)nL*(I,w)

=CI)nL*(I,w)

= {fe () C([a,,a,,.]): f is continuous in each a, eint(l)}

neAd

={fe () C*([dan, an41]): f is continuous in each aneint(l)},

neAd

where the closures are taken in L™ with respect to w, in the corresponding
interval.

Remark. We can ensure C*(I)n L=, w)=C*(R)nL*(L,w) if I is
closed. The same is obviously true for C(7) instead of C*([).

Proof. The third equality is true since C*([a,, a,,.,])=C([a,,a,.1])
is a direct consequence of Weierstrass’ theorem and we L* ([ a,, a,,]).

We are going to see that the closure of C*®(I)nL*(l,w) and
C(I) n L™ (I, w) with the norm L* (7, w) is the same. It is enough to prove
that every fe C(I) can be approximated by functions in C* (/) with the
norm L% (I, w). We can assume that 4 = Z, since the argument in the other
cases is simpler. Given ¢>0 and fe C(I), for each neZ, there exists a
function g, € C*(R) with | f—g,llL2(ay, ,.ay,,1.w) <&2. Let us consider
functions 8, € C*(R) with 8,=0 in (— o0, ay,_1], 8,=1 in [a,,, o) and
0<06,<1.
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We define now a function ge C* (1) by g(x):=(1-0,(x)) g,_1(x)+
Hn(x) gn(x): if xe [a2n715 a2n+1]' We have

If— gHLw([az,H,az,,], w < (1 =0,)(f —gn_ 1)”L°°([a2,,71, az, 1, w)
+ Hen(f._gn)HL“J([aznfl,azn], w) <8/2 +8/2 =,
Hf_ g“L”([ah, 111, W) = Hf_ &n HLoO([azn, ay, 11, w) < 8/2 >

and this implies || f'— gll Loz, w) < &

In order to see the second equality, observe that the ideas above give
that the result is true if it is true for the set 4 ={1, 2, 3}. Let us consider
felC([a;,a,])n C([a,, az]) and continuous in a,. Given m € N there exist
functions g), € C([a,, a,]) and g3, € C([a,, a;]) with | f— g, I Lo(Lay. ay1. w) T
If— gz I Lo (Lay. ay1, wy < 1/m.

In order to finish the proof it is enough to construct a function
gm € C([ay, a;]) satistying the inequality ||/ — g, |l =(a,, a3, w) < ¢/m, Where
¢ is a constant independent of m. We know that there exist positive con-
stants J, ¢;, and ¢, such that [a,—3d,a,+d] < [a;y,as], |f(x)—f(a,)l
<1/mif |x—a,| <J and 0 <c; ' <w(x)<c, for almost every x e [a,— 9,
a,+0d]. Lemma 2.1 gives that fe C([a,— 9, a,+d]) and then

|/(x) = gu(x)| <cy/m,  forevery xel[a,—9J,a,],
|/(x)—ga(x)| <cy/m,  forevery xel[a,,a,+d],
and consequently
|gm(X) = flax)| <(cy+1)/m,  forevery xe[a,—d,a,],
lg2(x)—flay)| <(c; +1)/m,  forevery xe[a,,a,+d].

Let us define g° as the function whose graph is the segment joining the
points (a, —d, gl (a,—9)) and (a,+ 9, g2(a, +J)). Then we have

|g%(x)— flay)| <(cy +1)/m, forevery xel[a,—d,a,+d],
|g°%(x)—f(x)|<(c,+2)/m,  forevery xel[a,—d,a,+5],
Hg?n—fHLw([az—a,aer(SJ,w)<Cz(C1 +2)/m.
If we define the function g,, € C([a;, as]) by
gl (x), if xelay,a,—d],
Zn(x) =14 g°(x), if xela,—d,a,+d],
22 (x), if xela,+9,a5],
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we have
1f = &m | Lo (ray, as1. w) < (€2(c1+2) + 1)/m.

This finishes the proof of Proposition 2.2.

PROPOSITION 2.3. Let us consider a closed interval I and a weight
we L (1) such that the set S of singular points of w in I has zero Lebesgue
measure. Then we have C*(R)n L* (I, w)=C(R)nL*(I,w)=H, with

={feCI\S)NL (I, w):

for each ae S, inf (esslim sup | f(x)| w(x))=0

e>0 wx)<eg x—oa
and, if a is of type 2,

there exists the finite limit esslim  f(x),

w(x)=e x—>a

Sor e >0 small enough},

where the closures are taken in L™ (I, w). Furthermore, if I is compact we
also have P* (I, w)=H.

If fe HnL'(I), I is compact, and S is countable, we can approximate f
by polynomials with the norm |- ||t )+ | | £1()-

Proof. Lemmas 2.1, 2.2, 2.7, 25, and 2.6 give that H contains
C(R)n L= (1, w). In order to see that H is contained in C(R)nL* (I, w),
assume first that 7 is compact; then we L*(I). Fix ¢ >0 and f € H. Lemma
2.8 gives that for each a € S there exist a relative open interval U, in I with
aeU, and 9,U,cI\S (and U, cint(I) if aeint(I)) and a function
g.€L*(I,w)n C(U,) such that g,=f in I\U, and ||f— g, oz w) <&
The set S is compact since it is a closed set contained in the compact inter-
val I Therefore there exist ay, .., a, €S such that ScU, v --- VU,
Without loss of generality we can assume that U, , ..., U, s minimal in
the following sense: for each i=1, .., m the set |, ., Ua]_ does not contain
to U,

Deﬁne [o;, B:]:= U . Assume that we have U, n U # J, with o; <.
The minimal property glves U,nU, —[ , Bi] and [ ﬂ 1nU, =9 for
every k #1, j. We define the funct10ns

X
8a,a(X) =84, 0 (X) 1= ga,(x) +
o
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Observe that gai,ajeC([ocj,ﬁ,-]) and satisfies g, aj(ocj)=gai(ocj), gai’aj(ﬁ,.)
=gaj(ﬂi)a and

i— X
180, 0= F | oty 3. < | 77— (80 (X) = £(x))
Bi—oy L=(Lag. B, w)

< 2e.
Lm([“j > ﬁ,‘]s w)

X—a;
5 e (840 =)

If we define the function ge L™ (1, w) n C(I) as

+

f(x) if xel\( U,,

g(x) =< g,(x) if xeU,, x¢ U"/

J#i

gai, aj(x) lf X € Uai N Ua]. s

we have | f—glioqw <26 If feL'(I) and S is countable, consider
{a, az, ..} =S. If we take g, with | f—g, |71z <27", it is direct that
| f— gll 1y <2e. This finishes the proof in this case.

If I is not compact, we can choose an increasing sequence {d,},., of
real numbers, where 4 is either Z*, Z~, or Z such that I=J,[a,, @, 1]
and a,, is not singular for w in [ if a,, is in the interior of /. We can take
{a,} .4 with the following additional property: max,, . ,a, =max [ if there
exists max / and min, . 4, @,=min [/ if there exists min /. The first part of
the proof and Proposition 2.2 give the result.

We can reformulate this result as follows.

THEOREM 2.1. Let us consider a closed interval I and a weight we L0 (1)

loc

such that the set S of singular points of w in I has zero Lebesgue measure.
Then we have C*(R) N L* (I, w)=C(R)n L* (I, w)= H, with

H={feC(I\S)nL*(I,w):for eachae S,
3/, e R such that esslim |f(x)—1,] w(x)=0},

xel,x—a

where the closures are taken in L™ (I, w). If ae S is of type 1, we can take
as l, any real number. If ae S is of type 2, l,=esslim, >, v, f(X)
for £>0 small enough. Furthermore, if I is compact we also have
P> (I,w)=H.

If fe HnL'(I), I is compact and S is countable, we can approximate f by
polynomials with the norm || ||t )+ |- | L1¢)-
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Remark. 1If S is the union of a finite number of intervals and a set
of zero Lebesgue measure, Theorem 2.1 and Proposition 2.1 give
C*(R)nL®(I,w).

Proof. We only need to show the equivalence of the following condi-
tions (a) and (b):

(a) for each aes,

(al) inf(»:>0(ess lim supw(x)<e,x—>a |f(x)| IV(X) ):Oa
(a.2) if a is of type 2, there exists the finite limit /,:=
ess lim,, >, «, f(x), for ¢>0 small enough,

(b) for each aeS, there exists /,€R such that esslim

|f(x)—1,] w(x)=0.

It is clear that (b) implies (a). Hypothesis (a.1) gives that for each >0,
there exist &, .5 >0 with || £l zora—s,at61n {w(x) <o w) <17/'3'and |1,e <'7']/3.
By hypothesis (a.2) we can choose ¢ with the additional condition
f— la\lm([a_&aﬁ]m{w(x)%},w) < /3. These inequalities imply

xel,x—a

[f =Ll zota—s, a+ o1, w) S N | 2ota—s, a+ 610 fwix <eb, w)

+ |1a| e+ Hf_ laHL°°([a—5,a+5]n{w(x)?a},w)<77'

COROLLARY 2.1. Let us consider a closed interval I and a weight
we L (1) such that the set S of singular points of w in I has zero Lebesgue

measure. If f, g€ C(R)n L* (I, w) and ¢ € C(I) n L= (I), then we also have
Lf1, [, fo, max(f, g), min(f, g), of € C(R) " L= (L, w).

Proof. The characterization of C(R)n L* (I, w) given in Theorem 2.1
or Proposition 2.3 implies the result for |f| and ¢f. This fact and

S+e—1f—gl
2

_fre+lf—g

max(f, g) 3 ) min(f, g) =

gives the result for max(f, g) and min(f, g). The facts f, =max(f, 0),
f_ =max(—f, 0) finish the proof.

3. PREVIOUS DEFINITIONS FOR SOBOLEV SPACES

Most of our results for k>1 use tools of Sobolev spaces. We include
here the definitions that we need in order to understand these tools.

First of all, we explain the definition of generalized Sobolev space in
[RARPI1] for the particular case p = co (the definition in [ RARP1] covers
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the cases 1 <p < oo, even if the weights are substituted by measures). One
can think that the natural definition of weighted Sobolev space (the func-
tions f with k weak derivatives satisfying || /|| Loy < 00 for 0< j<k) is
a good one; however this is not true (see [KO] or [RARP1]). We start
with some previous definitions.

DEerFINITION 3.1.  We say that two functions u, v are comparable on the
set A if there are positive constants ¢, ¢, such that ¢; <u(x)/v(x)<c, for
almost every x € A. We say that two norms |- ||, ||- ||, in the vectorial space
X are comparable if there are positive constants c¢q,c, such that
c; < x|l /Ixll, < c, for every x e X. We say that two vectorial weights are
comparable if they are comparable on each component. (We use here the
convention that 0/0 =1.)

In what follows the symbol a = b means that a and b are comparable for
a and b functions or norms.

Obviously, the spaces L (A4, w) and L* (A4, v) are the same and have
comparable norms if w and v are comparable on A. Therefore, in order to
study Sobolev spaces we can change a weight w by any comparable weight v.

Next, we shall define a class of weights which plays an important role in
our results.

DerINITION 3.2. We say that a weight w belongs to B ([a,b]) if
w~leL'([a, b]). Also, if J is any interval we say that we B (J) if
we B () for every compact interval / = J. We say that a weight belongs
to B (J), where J is a union of disjoint intervals (J,_, J;, if it belongs to
B, (J;), for ie A.

Observe that if v=w in J and we B (J), then ve B (J).

DerNITION 3.3, We denote by AC([a,b]) the set of functions
absolutely continuous in [a, b], ie. the functions fe C([a, b]) such that
flx s" (¢)dt for all xe[a,b]. If J is any interval, AC,,.(J)
denotes the set of functions absolutely continuous in every compact subin-
terval of J.

DerFINITION 3.4. Let us consider a vectorial weight w = (wy, ..., w;). For
0 < j<k we define the open set

Q;:={xeR:3 an open neighbourhood ¥V of x with w; e B, (V)}.

Observe that we always have w; € B, (€2;) for any 0< j<k. In fact, Q;
is the greatest open set U with w; e B, (U). Obviously, 2, depends on w,
although w does not appear explicitly in the symbol ;. It is easy to
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check that if fY'eL*(2,,w;) with 1<;j<k, then fYeL, (2, and
f(jil)eACloc(Qj)'

Hypothesis. From now on we assume that w; is identically 0 in every
point of the complement of Q.

We need this hypothesis in order to have complete Sobolev spaces (see
[KO] and [RARPI1]).

Remark. This hypothesis is satisfied, for example, if we can modify w;
in a set of zero Lebesgue measure in such a way that there exists a
sequence o, 0 with w; ' {(,, 00 ]} open for every n. If w; is lower semi-
continuous, then it satisfies this condition.

The following definitions also depend on w, although w does not appear
explicitly.

Let us consider w = (wy, ..., w;) a vectorial weight and y e 4. To obtain
a greater regularity of the functions in a Sobolev space we construct a
modification of the weight w in a neighbourhood of y, using the following
version (see a proof in [RARPI, Lemma 3.2]) of the Muckenhoupt
inequality (see [ Mu], [M, p. 44]). This modified weight is equivalent in
some sense to the original one (see Theorem A below).

Muckenhoupt inequality I. Let us consider wg,, w; weights in (a, b).
Then there exists a positive constant ¢ such that

jb o(t) d

X

<c |18l ora 01, wp
L*([a, b], wy)

for any measurable function g in [«, b], if and only if

b
ess sup wo(r) f wi < oo.
a<r<b r

DerFINITION 3.5. A vectorial weight W = (W, ..., W) is a right comple-
tion of a vectorial weight w with respect to y if w, :=w, and there is an
&> 0 such that w;:=w; in the complement of [ y, y+¢] and

W= W+ W, in [y,y+e] for 0<j<k,
where 17; is any weight satisfying:
(i) wyeL™([y, y+el),

(i) A, (W;, w; ) < oo, with

y+e
A (u,v):= esssup u(r) j v L
y<r<y+e r
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Muckenhoupt inequality I guarantees that if £’ e L*(w;) and fU*"e
L”(w;,,), then U e L= (w)).

ExamPLE. It can be shown that the following construction is always
a completion: we choose Ww;:=0 if W, ¢B, ((y, y+e]); if w;, €
B, ([y, y+e])weset W,(x):=1in [y, y+e];and if w;  ; € B, ((y, y +&])\
B ([y, y+e]) we take w;(x):=1 for xe[ y+¢/2, y+e&], and

W;(x) :=min {1, <Jy+8 wﬁll>_l},

for xe(y, y+¢/2).
Remarks.
1. We can define a left completion of w with respect to y in a sym-
metric way.

2. If w1 €B([y, y+e]), then A, (W;, w;, ;) <oo for any weight
Ww; e L ([ y, y+¢]). In particular, 4, (1, w; ) < co.

3. If w, v are two vectorial weights such that w;> cv; for 0 < j<k and
v is a right completion of v, then there is a right completion W of w, with
Ww; = cb; for 0 < j<k (it is enough to take w,=7;). Also, if w, v are com-
parable measures, 0 is a right completion of v if and only if it is comparable
to a right completion w of w.

4. We always have w;, =w, and w;>w, for 0 < j<k.

DerFiNtTION 3.6.  If w is a vectorial weight, we say that a point yeR is
right j-regular (respectively, left j-regular), if there exist ¢ >0, a right com-
pletion w (respectively, left completion) of w, and j<i<k such that
w; € B ([y, y+e]) (respectively, B ([y—e, y])). Also, we say that a
point y € R is j-regular if it is right and left j-regular.

Remarks.

1. A point yeR is right j-regular (respectively, left j-regular), if at
least one of the following properties is verified:

(a) There exist ¢>0 and j<i<k such that w,e B_([y, y+¢])
(respectively, B, ([ y—e, y])). Here we have chosen w;=0.

(b) There exist e>0, j<i<k, «>0, and 6 <i— j— 1 such that
w;(x)=a |x— y|°, for almost every xe[y, y+e¢]

(respectively, [ y—¢, y]). See Lemma 3.4 in [RARPI1].



WEIERSTRASS’ THEOREM IN SOBOLEV SPACES 139

2. If y is right j-regular (respectively, left), then it is also right
i-regular (respectively, left) for each 0 <i< .

3. We can take i=j+ 1 in this definition since by the second remark
to Definition 3.5 we can choose w,=w;+1€B_([y, y+¢]) for j</<i, if
Jj+1<i

4. 1If y is not singular for w;, then y e Q; and y is (j— 1)-regular.

When we use this definition we think of a point {5} as the union of
two half-points {6*} and {b~}. With this convention, each one of the
following sets

(a,b)yu (b, c)u{b™} =(a,b)u[b™,c)#(a,c),
(a,b)yu (b, c)u{b} =(a, b1 (b, c)#(a,c),

has two connected components, and the set
(a,b) U (b,e)u{b~} u{bT}=(a,b)u(b,c)u{b}=(a,c)

is connected.

We only use this convention in order to study the sets of continuity of
functions: we want that if f'e C(A4) and f'e C(B), where A and B are union
of intervals, then f € C(4 U B). With the usual definition of continuity in an
interval, if fe C([a, b)) n C([b, ¢]) then we do not have fe C([a, c]). Of
course, we have fe C([a, c]) if and only if fe C([a, b~ ])nC([b™, c]),
where by definition, C([b*, ¢])=C([b,c]) and C([a, b~ ])=C([a, b]).
This idea can be formalized with a suitable topological space.

Let us introduce some notation. We denote by QU the set of j-regular
points or half-points, i.e., y€ Q") if and only if y is j-regular, we say that
y+eQWY if and only if y is right j-regular, and we say that y~ € Q) if and
only if y is left j-regular. Obviously, Q® =@ and Q;,, U --- UQ, = QV).

Remark. If 0<j<k and I is an interval, 7= QU), then the set
INQ; U -+ UQ,) is discrete (see the remark before Definition 7 in
[RARPI1]).

DerFINITION 3.7. We say that a function / belongs to the class
AC, (QY)) if he AC,,.(I) for every connected component 1 of Q).

DerFiNITION 3.8 (Sobolev space). If w=(wg, .., w;) 1is a vectorial
weight, we define the Sobolev space W* ® (4, w) as the space of equiv-
alence classes of

Ve (d,w):={f: 4> R/fV e AC, (QY) for 0 < j<k and

”f(j)HLOO(A, wy) < 90 for 0 <j<k}
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with respect to the seminorm

k
(Walr D4, W)+ Z Hf(j)HLOC(A, w;) *

Jj=0

Remark. 1If we are interested in functions f with complex values, we
only need to apply the results in this paper to the real and imaginary parts

of f.

DerNITION 3.9. If w is a vectorial weight, let us define the space
H (4, w) as

A (4, w):={g: QO — R/ge V== (QO, w), | gl sy w@w, ) =0}

A (A, w) is the equivalence class of 0 in W* ©(Q©®, w). This concept and
its analogue for 1 <p < oo play an important role in the general theory of
Sobolev spaces and in the study of the multiplication operator in Sobolev
spaces in particular (see [ RARP1], [RARP2], [R1], [R2], and Theorems
A and B below).

DermNtTION 3.10.  If w is a vectorial weight, we say that (4, w) belongs
to the class %, if there exist compact sets M,,, which are a finite union of
compact intervals, such that

(1) M, intersects at most a finite number of connected components
of Q, U - UQ,,
(i) A (M,,w)=1{0},
(i) M,=M,,,,
(iv) U,M,=Q0.

Remarks.

1. Condition (4, w)€e %, is not very restrictive. In fact, the proof
of Theorem A below (see [RARPI1, Theorem 4.3]) gives that if Q®\
(2, U ---UQ,) has only a finite number of points in each connected
component of 2%, and # (4, w)={0}, then (4, w) € 6.

2. The proof of Theorem A below gives that if for every connected
component 4 of Q, U --- UQ, we have A (A, w)= {0}, then (4, w) € G,.
Condition |, wo >0 implies " (A, w) = {0}.

3. Since the restriction of a function of #'(4,w) to M, is in
H (M, w) for every n, we have that (4, w) € 6, implies # (4, w) = {0}.
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4. TECHNICAL RESULTS

In this section we collect the theorems we need in order to prove the
results in Sections 5 and 6.

The next results, proved in [ RARP1], [RARP2], and [R1], play a cen-
tral role in the theory of Sobolev spaces with respect to measures (see the
proofs in [ RARP1, Theorems 4.3 and 5.1]). We present here a weak ver-
sion of these theorems which are enough for our purposes.

THEOREM A. Let w=(wy, ..., wi) be a vectorial weight. Let K; be a finite
union of compact intervals contained in QY, for 0 < j <k, and w a right (or
left) completion of w. If (4, w)€e%b,, then there exist positive constants
ci=¢1(Ky, o, K1) and cy=c,(W, Ky, ..., K; ) such that

k—1
(&) Z Hg(])HLDO(Kj) < | gllw* ®(4, w)>
j=0
s |l gl o, w) S I gl p. (4, w)> Vg € v (4, w).

THEOREM B. Let us consider a vectorial weight w= (wy, ..., w;). Assume
that we have either (i) (4, w)€ %, or (i1) 2, U --- U, has only a finite
number of connected components. Then the Sobolev space W* (A, w) is
complete.

Remark. See Theorem 5.1 in [ RARP1] for further results on complete-
ness.
Lemma 3.3 in [RARP1] gives the following result.

PROPOSITION A. Let w=(wy, ..., W) be a vectorial weight in [ a, b], with
Wi, € B ((a, b ]) for some 0 <ko<k. If we construct a right completion w
of w with respect to the point a taking e =b —a, and w;=w; for ko< j<k,
then there exist positive constants c; such that

¢ Hg(j)HLOO([a,b],wj)< Z ”g(l)”Lw([a,b],wi)+ Z |g(l)(b)|a
i=j i=j
for all 0< j<ky and ge V5= ([a, b], w). In particular, there is a positive
constant ¢ such that
ko—1
c gl we o(ra, 7,0 < &l wh o(ta, 67w+ 2. 187(B)],
j=0

for all ge V**=([a, b], w).

The following is a particular case of Corollary 4.3 in [ RARP1].
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COROLLARY A. Let us consider a vectorial weight w=(wy, ..., w.). Let
K; be a finite union of compact intervals contained in QU for 0< j<k. If
(4, w) € G,, then there exists a positive constant ¢, =c,(Ky, ..., K _,) such
that

k—1
¢y Z "g(1+1)‘|L1(1(j)<HgHW"v"O(A,w)a Vge Vk’w(lh w).
j=0

A simple modification in the proof of Corollary A gives Corollary B.
Recall that we use W*~™ (A4, w) to denote the Sobolev space
WE= % (A (W oo Wi)).

COROLLARY B. Let us consider a vectorial weight w=(wy, ..., w). For
some 0 <m <k, assume that (4, (w,,, ..., W) €6,. Let K be a finite union of
compact intervals contained in Q=Y. Then there exists a positive constant
¢y =c¢1(K) such that

el gl < glwrmecsws — VeeVET™=(4,w).
Theorem 3.1 in [ RARP2] and its remark give the following result.
THEOREM C. Let us consider a vectorial weight w=(wy, ..., w,) with
(4, w) € €,. Assume that K is a finite union of compact intervals J,, ..., J, and
that for every J,, there is an integer 0 <k, <k verifying J, <Q*n=1 jf

k,,>0, andj,mwjzo(for k,<j<k, if k,<k If w,e L*(K) for 0 < j<k,
then there exists a positive constant c, such that

co |l 78l e o, w) S 1 f 1 (4, w)(sup [g(x)] + I gl wr. (4, w) >

xed

for every f, ge VE© (4, w) with g =g" = --- = g® =0 in A\K.

Corollary 3.1 in [ RARP2] implies the following result.

CoROLLARY C. Let us consider a vectorial weight w=(wy, ..., w;) in
(a, b) with w, € B, ([a,b]), we L*([a, b]) and A ([a, b], w)={0}. Then
there exists a positive constant c, such that

o 172w ©o([a, b], w) /1l e ©([a,b], w) I gll s “([a, b], w)
for every f, geV&*([a,b],w).

The following result is easy to prove.
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LEMMA A. Let us consider w=(wy, ..., wi) a vectorial weight with
Wj+1(x) <cqlx—agl Wj(x)a

for 0<j<k, ageR and x in an interval I. Let ¢ € C*(R) be such that
supp ¢’ <[4, A+ t], with max{|A—aq|, |1+t —a,|} <cyt and |V L=y
<est™ for 0< j<k. Then, there is a positive constant c, which is independent
of I, ag, A, t, w, @, and g such that

logll we o4, w) S Co I gll w. 0L w)»

for every ge V® = (A, w) with supp(pg) < 1.
Remark. The constant ¢, can depend on ¢4, ¢,, ¢ and k.

The next result is the version for p = oo of Corollary 3.2 in [R1]. It can
be proved as in the case 1 <p < 0.

COROLLARY D. Let us consider a compact interval I and a vectorial
weight w= (W, .., wi) € L*(I). Assume that there exist ay€l, an integer
0<r<k, and constants c¢,0>0 such that w;, (x)<c|x—aq| w;(x) in
[ao—0,a0+ 0] N1, for r < j<k. Then aq is neither right nor left r-regular.

We define now the following functions,
log, x = —log x, log, x =log(log; x), ..., log, x =log(log,,_; x).

A computation involving Muckenhoupt inequality gives the following
result.

PROPOSITION B. Let us consider a compact interval I and a vectorial
weight w= (W, .., ;) € L*(I). Assume that there exist a,€l, an integer
0<r<k,neN, d, ¢;>0,¢=>0, and a;, 7} , .., 7" €R for r<i<k such that

(1) wi(x)=<e=a¥=al™|x —qg |4 logfi |x —ap] ~~logffv|x—ao|forxe
[ap—0,a9+0] N1 and r<i<k,

(1) o;¢Nife;=0and r<i<k.

Then there exists a completion W of w such that the Sobolev norms
W P (I, w)y and W*P(I,w) are comparable and there exists r <r, <k with
Wip1(x)<clx—ag| wi(x) in [ag—0b,a0+d]1n 1, for ro<j<k if ro<k,
and w, € B ([ao—0,ap+0]1nI). In particular, ay is (ro— 1)-regular if
ro>0.
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5. APPROXIMATION IN W% (I, W)

First of all, the next results allow us to deal with weights which can be
obtained by “gluing” simpler ones.

THEOREM 5.1. Let us consider —oo<a<b<c<d<oo. Let w=
(Wg, .y Wi) be a vectorial weight in (a, d) and assume that there exists an
interval I<[b,c] with welL®(I) and (ILw)€%,. Then f can be
approximated by functions of C*(R) in W* *([a, d], w) if and only if it
can be approximated by functions of C*(R) in W&*([a,c],w) and
W= ([ b, d], w).

Remark. 1f a,deR and we L*([a, d]), the result is also true with P
instead of C*(R). This is a consequence of Bernstein’s proof of
Weierstrass’ theorem (see, e.g., [D, p.113]), which gives a sequence of
polynomials converging uniformly up to the kth derivative for any function
in C*([a, d]).

Proof. [a, f] <=1 prove the non-trivial implication. Let us consider J =
[« ] <=1 and an integer 0 <k, <k, such that J<=(b, ¢), = (b, c) 1~ if
k,>0, and |, w;=0 for k, < j<k if k, <k.

Let us consider feV**([a, d],w) and ¢,, p, € C*(R) such that
@, approximates f in W**([a,c],w) and ¢, approximates f in
Wk ([ b, d], w).

Set e C*(R) a fixed function with 0<0<1, =0 in (—o0, «] and
f=11in [ B, o). It is enough to see that f¢, + (1 — 0) ¢, approximates f in
W* = ([a, d], w) or, equivalently, in W* (I, w). Theorem C with 4=1
and K=J gives

[ f—=0pr—(1—0) @yl w (L, w)
SO — @2) ke oz, vy + (L= OV f — @)l sk o1, )

Sl f = @2l we o wy + 1L = @1l ik oz, wy)s

and this finishes the proof of the theorem.

THEOREM 5.2. Let us consider strictly increasing sequences of real num-
bers {a,}, {b,} (n belonging to a finite set, to Z, Z*, or Z~) with a,,,<b,
for every n. Let w=(wy, ..., wi) be a vectorial weight in («, ) :=, (a,, b,)
with —oo <a<f<oo. Assume that for each n there exists an interval
I,<[a,.1,b,] with weL*(l,) and (I,,w)€%,. Then f can be approxi-
mated by functions of C®(R) in W* = ([a, B, w) if and only if it can be
approximated by functions of C*(R) in W**([a,, b,], w) for each n.



WEIERSTRASS’ THEOREM IN SOBOLEV SPACES 145

Proof. We prove the non-trivial implication. Let us consider
@, € C*(R) which approximates f'in W* *([a,, b,], w). By the proof of
Theorem 5.1 we know that there are 8, € C*(R) and positive constants ¢,
such that

Hf_ 0n¢n+l - (1 - en) Pn H wk ©(L,, w)
<c, (ILf =@l wr o(r, w) T 1f=@nstllwe (I, w))'
Now, given ¢ >0, it is enough to approximate f in [a,, b, ] with error less

than ¢ min{1, ¢, ', ¢, ' }/2.

THEOREM 5.3. Let us consider a compact interval I and a vectorial weight
w=(Wg, .., W) € L= (1) such that w, € B, (I). Then we have

Peo(Lw)y=Hy:={feVE2(Lw)/f®eP>(I w)}
=Hy:={feV**(Lw)/fPeP>*w,), for 0<j<k}
={/f:1->R/f* Ve AC(I) and f® e P** (I, w;)}.

Proof. We prove first Hy = P%*(I,w). If fe H;, let us consider a
sequence {g,} of polynomials which converges to /* in L (1, w;). Let us
choose a e l. Then the polynomials

k—1
0,(x):=fla)+ f'(a)(x —a)+ --- +f(k—1)(a)()zk_a)l)!
—t)k_l
+f (k—l) dt
satisfy
J J —1 (x—a)<—/! x (x— )71
0V (x)=fDa)+ --- + [ )(a)m-f-fa Qn(t)mdt,

for 0 < j<k. Therefore, for 0 < j <k,

xuﬂ%n—q4n>“F”fjplm‘

S = 0 ()| = T

e [ 110 = gu (0] welt) we(r) ™" di

k
<c Hf( )_qn”LOO(I,wk)-
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Hence, we have for 0 < j <k,

Hf(j) - Qilj) HL“’(I, w;) <c Hf(k) —qn HL°°(I, wy) 2

since w; € L*(I). Then we have obtained that f'e PE=(1 w).

Since Q,=int(I), Q, U --- UQ,=1int(]) is connected and Theorem B
gives that W* *(I, w) is complete; therefore P* *(I, w)< H,. The content
H, < H; is direct. The last equality is also direct since the fact w, € B (I)
gives Q%= =1 Then f*~Ye AC(I) for every fe V* (I, w).

THEOREM 5.4. Let us consider a compact interval I and a vectorial weight
w=(Wg, ..., wi) € L*(I), such that the set S of singular points for w; in I has
zero Lebesgue measure. Assume that there exist a, €I, an integer 0 <r <k,
and constants ¢, 0 >0 such that

(1) wy(x)<clx—ag| wi(x) in [ag—0,ag+3]1 N1, for r< j<k,
(2) wieB,(I\{ao}),
(3) ifr>0,aqis (r—1)-regular.

Then we have

Pe=(Lw)=H,:={fe V(I w)/f®eP**(Iw),
3/ eR with esslim | (x)—1I| w,(x)=0,

xel,x—a

and esslim Y (x) w;(x)=0, for r<j<kifr<k—1}

xel,x—a
=Hy:={feV*?(Lw)/fPeP>*(w,), for0<j<k}
= {f - R/f(k_l)eACloc(l\{aO}) s f(k)ePO, 00(19 M}k) s
I eR with esslim | (x)—1| w,(x)=0,

xel,x—a

esslim /) (x) w,(x)=0,

xel,x—a

Jorr<j<kifr<k—1,and f"~YeACI) if r>0}.

Remark. Muckenhoupt inequality I gives that condition w;, (x)<
cy]x —ag| w;(x) is not as restrictive as it seems, since many weights can be
modified in order to satisfy it (see Proposition B).

Proof. We prove first H, = P* (I, w). Let us take f'e H,. Without loss
of generality we can assume that g, is an interior point of /, since the argu-
ment is simpler if a, € 0I. Without loss of generality we can assume also
/=0, since in other case we can consider f(x)—Ix"/r! instead of f(x)
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(recall that we L*([)). Consider now a function ¢ € C°(R) with ¢ =1 in
[-1,1], =0 in R\(—2,2), and 0< ¢ <1 in R. For each neN, let us
define ¢, (x) := @(n(x —ay)) and h,:=(1—¢,) f. We have

Hf(r) - hn H Wk=r o w) = ”§0n f(r)H Wk=r o[ w)

< ¢ Hf(r)H Wk=1. ([ ay—2/n, ay+2/n], w)>

since we are in the hypotheses of Lemma A, where 1 =a,—2/n, t =4/n, and
we consider the interval [a,—2/n, ay+2/n]: observe that |1—ay|=
[A+t—ay|=2/n=1t/2 and

Hﬁ”qu) | Lory = n’ H(P(j)HLOO(R)

<4F max{ @l or)s H(p,HLW(R)a wee H§0(k)”L°°(R)} t=7.

Hence, we deduce that |/ —h,llyi-rwog.,—0 as n— oo, since
esslim, ;. g S (x)w;(x)=0, for each r< j<k (Lemma 2.2 gives the
result for j=k since hypotheses w, e L*(I) and (1) give that a, is a
singularity of type 1 for w, in I). Therefore, in order to see that ) can be
approximated by polynomials in W*~" (I, w) it is enough to see that
each /4, can be approximated by polynomials in W*~" (I, w). Consider
weights w" 1= (Wo, wo, Wi 15 Wi ) WIth Wy i= Wi+ X a0~ 1m, ag+ 1n] = Wee- 1t
is direct that w”eL*(I) and w,; , € B,(I). Observe that Corollary 2.1
gives A" e P%(I, w,), since h*"=(1—-¢,) f®+F, with F,=
—Ykr (k7 @D fk=De C(I) and 1—¢, e C(I). Hence Theorem 5.3
implies that each 4, can be approximated by polynomials in W*=" (I, w")
and consequently in W*~" (I, w). Therefore, f can be approximated by
polynomials in W*~" (I, w). This finishes the proof if r = 0. In other case,
hypotheses (2) and (3) give Q" Y =1 and consequently f"~Ye AC(I).

Without loss of generality we can assume that there exists >0 such
that [ay,—e¢, ap+¢] 1s contained in the interior of / and w,>1 in
I\[ay—e¢, ap+¢]. In the other case we can change w by w* with w* :=w;
if j#r and W :=w,+ Y p[ay—s ay+e1- It 18 Obvious that it is more com-
plicated to approximate f in W* “(I w*) than in W% (I, w). Therefore,
we have A ([a,b], (W,, . wi))=1{0} and ([a, b], (w,, .., w;)) €E, (see
Remark 2 to Definition 3.10).

Let us consider a sequence {g,} of polynomials converging to " in
W*=r=(] w). Corollary B gives

1O =@l <e 110 = gullwhr .-
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The polynomials defined by

0,(x) :=f(a)+ f'(a)(x—a) + - +f<r—1>(a)(>zr—_ai’)!‘
x (X—l)r_l
+L qn(1) ) dt,

satisfy

1f=Onllwe o w) SC Hf(r) —Yqn HLI(I) + Hf(r) — ol wre—r. (I, w)

<c Hf(r) —qpll we-r oL, w)»

and we conclude that the sequence of polynomials {Q,} converges to f in
W= (1, w).

Since 2, =int(/)\{a,}, 2, U --- UL, has at most two connected com-
ponents and Theorem B gives that W (I w) is complete; therefore
P* (I, w)< H,. Observe that hypotheses w, e L*(/) and (1) give that a,
is a singularity of type 1 for w; in I, for each r < j<k. By Theorem 2.1
there exists /€ R with esslim,cz .4 |/ (x) =1 w,(x)=0, if a, is a
singularity for w, in I; in the other case, it is a direct consequence of the
continuity of /) in a,. This fact and Lemma 2.2 give H, < H,. The last
equality is direct by the definition of V% *(I, w); it is enough to remark
that Corollary D and (2) give 2V =0 +V= ... =Q*~D=7\{q,}, and
(2) and (3) give QU =V =Tif r>0.

If we apply Theorem 5.1, Theorem 5.4, and Proposition B, we obtain the
next result for Jacobi-type weights.

CorOLLARY 5.1. Consider a vectorial weight w such that w;(x)=
(x —a)% (b — x)% with a;, B;=0 for 0 < j< k. Assume that there exist 0 <ry,
r, <k such that a is ry-right regular if ry >0, b is ry-left regular if r, >0,
and verifying either (i) o, =a;+1 for ri<j<k and f;,,=f,+1 for
ra<j<k, (ii) a;€[0,0)\Z* for ri<j<k, and f;€[0, 0)\Z* for
r,<j<k. Then

Pe*([a, b], w)

={feV*>([a,b],w)/fV e P>*([a, b], w)), for 0< j<k}.

Remark. The same argument gives a similar result if there are also a
finite number of singularities in (a, ), and even if the singularities in [a, b]
are of more general type (as in Proposition B).
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LemMA 5.1.  Consider a weight we B ([a—20, a+20]\{a})nL*([a—2,
a+26]) and a function f € AC,,.([a— 26, a+20]1\{a}), continuous in a and
verifying f' e P**([a—25,a+25], w). Assume that the set S of singular
points of w in [a—26,a+ 2] has zero Lebesgue measure. Then for each
&> 0 there exists a function ge AC([a— 25, a+25]) with g € P**([a— 26,
a+20],w), such that g= fin [a—20,a—d]ula+d,a+20] and

1f— &l eoa—2sa+267) T 1S — &'l Lo(ta—26,a+257 w) <& -

Remark. Similar results are true in the intervals [a—2J,a] and
La, a+20].

Proof. Theorem 2.1 gives that there exists /e R with esslim,_,
|f"(x)—1] w(x)=0. Without loss of generality we can assume that /=0,
since in the other case we can consider f(x)—Ix instead of f(x). We
construct the function g in the interval [a —2d, a]. The construction in
[a,a+26] is symmetric. If f'eL'([a—25,a]), we take g=f in
[a—25,a]. If f'¢ L' ([a—2d,a]), the facts f(x)=[X_,;f for xe
[a—25, a) and f continuous in a give that (/") , (f')_e L} ([a—25, a))\

L'([a—26, a]).

Assume now that aeess cl{xe[a—2d, a): f(x)< f(a)}. If acesscl{xe
[a—25,a): f(x)>f(a)} the argument is symmetric. If adesscl{xe
[a—2d,a): f(x)<fla)} vesscl{xe[a—2d,a) f(x)> f(a)} then f(x)=
f(a) for xe[a—3d,, a], which contradictsf’¢L [a—2(5 a])

We claim that aeesscl{xe[a—20,a): f(x)< f(a), f'(x)=0}. If it is
not true there exists d, >0 with |[{xe(a—Jy,a): f(x )<f( ), f'(x)=0}]
=0. Consider x, € (a —9,, a) with f(x,) < f(a). Since f'is continuous in x,,
there exists J0,>0 with f(x)< f(a) for xe[xq, xo+J,). Then ' <0 in
almost every point in [Xxg, Xo+0J,), and consequently f(x)— f(x,) =
f;of’<0. By this argument it is clear that the set {xe[xg,a):
S(x) < f(xq)} is open and closed in [x,, a); therefore f(x) < f(x,) < f(a)
for x €[ xy, a), which contradicts f continuous in a.

Since |S|=0, for each ¢>0 there exists ae[a—J,a)\S with f(a)<
S@), f/@) 20, | f'] gogaag, < /4 and |f(x)— f(a)| <e/4 for xe[a, al.
Consider the family of functions p, , in [«, a] defined as follows: for each
220 and O <u<(a—a)/2, p, , is the function whose graphic is the seg-
ment joining (a, f'(«)) and (e+pu, A) in [a, c+u], the segment joining
(a—u, A) and (a,0) in [a—pu, a], and is equal to A in [a+u, a—u].

It is clear that there exists 1>0 and 0 <u < (a—a)/2 such that the
function

h e [ ioxela=20,a]
A,u(x)'_{min((f’h(x),m,u(x)) ioxetoal
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verifies f(a) — f(a)={%h,, ,. since (f), € L, ([a—26,a))\L"([a— 26, a]).
Observe that h; ,eL'([a—2d,a]) n P> *([a—2d,a],w) (see Corollary
2.1 and Theorem 2.1). For this particular choice of 4 and u, we define
g(x) :=f(a)+jjj h;,,,in [a—26,a]. We define g in [a, a+25] in a similar
way. Conditions f(a)—f(oc)zjjh,l,” and h; ,=f" in [a—20,a] give
g=/fin [a—26,a]. Since h, , does not change its sign in [a, a], we
have |g(x)— g(a)l <|g(a) — g(a)| =[5 1, .| = f(a) — f(a)| <&/4 for every
x€[a, a]. Therefore |g(x) — f(x)| <¢/2 for xe [, a] and || f— gl zoa—26, a7)
<¢/2. We also have |g'(x)| <|f'(x)| in [a, a] and therefore

If—g HL"O([a726, al,w) S 20/ HLW([a,a], w) < &/2.

This finishes the proof of the lemma.

THEOREM 5.5. Let us consider a compact interval I:=[a, b] and a vec-
torial weight w=(wy, ..., wi) € L*(I). Assume that there exists a finite set
Rc I such that

(1) the points of R are singularities for wy in I,
(2) wieBL(I\R),

(3) the points of R are not singular for w;,_, in I,
(4)

4) the set S of singular points for wy in I is countable.

Then we have

Pe2(I,w)=Hs:={fe V(L w)/f®eP**(I w)
and * =1 is continuous in each point of R}
=Hy:={feV*>?(Lw)/fPeP>*(Lw,), for0< <k}
= {1 I>R/fPeP*>(Lw,), f*"VeAC, (I\R),

and f* =Y is continuous in each point of R}.

Proof. We prove first Hs = P* = (I, w). Consider a function fe Hs.
Condition (2) gives f* =Y e AC,.(I\R). Given neN, if we apply a finite
number of times Lemma 5.1 (or its remark) to the function f*=1, we
obtain a function g, € AC(I) with g/, P**(I, w;) and

) 1
1770 = gullpoen + 1/ = &l oy <
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since f*~V is continuous in each point of R, w, e L*(I) and |S|=0. If
k=2, conditions (2) and (3) give Q% =2 =T; hence f*~2 e AC([a, b]) and
the functions

G,(x) i=f(a) + f(@)x—a)+ - +f“‘”‘“%
x (X—t)k_z
] e gy

verify

(x—1)Fi2

F9(x)—GY(x)= j: (f&=D(1)—g,(1)) m dt,

for 0<j<k—2, if k=2. Consequently, since we L*(I), we have for any
k=1

If = Gl we o wy < € |f*&-P—g, | Loocry + If® — gl o, wo — 0,

as n — oo. For each ne N, since g/,e L' (1), I is compact and S is countable,
by Theorem 2.1 we can approximate g, by polynomials with the norm
I ooz, wy + | Il iy~ An integration argument finishes the proof of Hs =
P52 (I w).

Since Q,=int (/)\R, 2, U --- UL, has at most a finite number of
connected components and Theorem B gives that W* (I, w) is complete;
therefore P& (I, w) < H,. Let us take fe H,. Lemma 2.1 and hypothesis
(3) imply that f*~1 is continuous in each point of R. This gives H, < Hs.
The last equality is direct by the definition of V* *(I, w), since (2) gives
Q*=D =\R.

THEOREM 5.6. Let us consider I:=[a,b] and a vectorial weight
w=(Wg, ., wi) € L®(I), with w,eB((a,b]). Assume that a is a
singularity for wy in I, the set of singularities S for wy in I has zero Lebesgue
measure and S N [a, a + ¢] is countable for some ¢>0. If k =2, assume also
that a is right (k —2)-regular. Then we have

Po*(ILw)y=Hg:={feVE>(Lw)/fVeP>*(Lw), for j=k—1,k}
=Hy:={feV*>(Lw)/fPeP>*(Iw,), for 0< j<k}
={f:I->R/f*PedAC)if k=2, f*~VeAC,.((a, b])

and [V e P» (I, w)), for j=k—1, k}.

Remark. A similar result is true for w, € B ([a, b)) or w, € B, ((a, b)).
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Proof. We prove first Hg = P* (I, w). Fix a function f in Hg. Take a
closed interval J:=[a, f] =(a, a+¢); we have w, € B, (J) and therefore
f*=De AC(J). Without loss of generality we can assume that wy>1
in J, since in other case we can consider w* :=(wg, wy, .., w;) with
wg i:=wo+x,, and it is more difficult to approximate /" in Wk = (I, w*)
than in W% = (I, w). Remark 2 to Definition 3.10 gives that (J, w)e%,.
Theorems 5.1 and 5.3 give that it is enough to prove the inclusion in the
interval [a, f]. Therefore, without loss of generality we can assume that
the set S of singularities for w, in [a, b] is countable. By Theorem 2.1,
there exist /;eR such that esslim, ., ..,|/Y (x)—/]w;(x)=0, for
j=k—1,k (if a is not singular for w, _, in I, this fact is direct for k —1
with /,_,=f%"Y(a)). Without loss of generality we can assume that
Le_1=1.=0, ie,

ess lim |/ (x)| w,(x) =0, (5.1)

xel,x—a

for j=k—1,k, since in the other case we can consider f(x)—
L (x—a)* Y(k—1)!—1I,(x—a)*/k! instead of f(x). Observe that
wreB((a,b]) gives f Ve AC,.((a, b ]).

Let us choose 0 <, <1/n such that a+1¢, ¢ S and

/4 D(a+1,) < inf v%—WxH+%- (52)

x€(a,a+1/n]

Choose functions g, verifying g, = f® in [a+1¢,,b], g, € C([a,a+1,]),
lg,| <|f®| in [a,a+1,], and [¢*™|g,| <1/n (recall that f® is con-
tinuous in a neighbourhood of a+¢, by Lemma 2.1). Since |S|=0,
Theorem 2.1 gives g, € P> (I, w;). Observe that g, € L'(I), since

I _
galon < +] 1/ @lwewe!

a+t,
<;+ Hf(k)HLOC(I, we) HM}I:IHLI([(Ithn,b]) < 0.

Define

(x —b)k—1
k—1)!

(x —t)<1!

Ju(xX):=f(B) + - + fETD(D) (k—1)!

gn
:: C t C E.‘la |gn|<1/land (5'2) gl ¢

|f$*%xﬂ<Lﬂk*%xﬂ+%, (53)
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for xe(a,a+1t,]. By (5.1) we have

Hf(k) —fqu)HLw(l, w) = Hf(k) —&n HL°°(I, ) <2 ‘|f(k)HL°°([a,a+tn], wy) 0,

as n— o0. By (5.1) and (5.3), we also have as n —» o

Hf"““—fi"_”l\m(z, We_ 1)

~(k — (k—

< | f¢ l)”Lw([a,a+tn],wk71) + 1/ 1)‘|L°°([a,a+tn],wk71)
(k—1) 2

<2|f I o (ta, a+ 1,7, w, 1)+ Wi —1 | 2oo(ra, 57) = O-

These facts give that lim, ., . | /%" — /% =Y 104, =0. Assume
now k >=2. Choose a compact interval J, = (a, b) =Q,; we have f* Ve
AC(J,) and then f belongs to V**([a, b], W) with W= (wg, .., Wi _2,
Wi_1, W) and Wy _;=w;_ 1+ 2, Observe that 7 (I, (Wi _,, wi))=1{0}
and even (I, (W, _q, wi)) €6, since Q, =(a, b) (see Remark 2 to Definition
3.10). It is obvious that it is more complicated to approximate f in
W* = (I,) than in W% (I, w). Therefore, without loss of generality we
can assume that (I, (wy_,, w)) € %,.

Since Q%Y =(a, b ] and a is right (k — 2)-regular, we have Q¥ =2 =1,
and hence Corollary B gives

k— k— k— k—
Hf( 1)_f51 I)HLI(I) <c Hf( 1)_f£, I)H WL (I (wy_y, W)
It is clear that

(X bkz

(x—nf2
(k—=2)!

k—2n

JulX)=f(b) + o + fED(b) +f SE)

and consequently

(x—1)k—I 2

h—j—a

SO =1 = [ 0 —r )

for 0< j<k—2, if k>2. Hence we have that

1f = 3 i wpy < € 1F €70 = FE Pl
<c | f*D—fE Vg (L (W 1> W) 2
for 0 < j<k—2 and we conclude that {f,} converges to fin W* *(I, w).

Therefore, for any k> 1, in order to finish the proof of this inclusion it
is enough to find Q, € P with lim, _, , ||/, — Q, | wt = ) =0. Since S is
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countable and g, € P* (I, w,) n L*(I), Theorem 2.1 gives that there exists
h, € P with | g, —hy,l Loz, w,) + |80 — hn | 11y < 1/n. Hence the polynomials

(x —b)F—!
k=1

(X—f)k_l

G—

0, (x):=f(b) + - + f*=(b) +] (o

satisfy the inequality ¢ |/, — O |l w =z, < | 80— | ity + | 80— B | 201, -
and consequently we obtain lim,_, | f,— O,llwk = =0. Therefore
Hg < P& (1, w).

Since Q,=int (1), 2, U --- UQ, =1nt(]) is connected and Theorem B
gives that W* (I, w) is complete; therefore P* (I, w) = H,. The content
H, < Hy is direct. The last equality is direct by the definition of V* * (I, w),
since Q%" V=(a,b ], and Q¥ =[a, b] if k=2.

THEOREM 5.7. Let us consider I:=[a,b] and a vectorial weight w=
(Woy vy Wi) €L (I), with w, € B,((a, b ]). Assume that a is a singularity
for wy in I, the set S of singularities for wy in I has zero Lebesgue measure
and Sn[a,a+e¢e] is countable for some ¢>0. If k=2, assume also that
Wlia atey B8 a right completion of (0, ..., 0, wy_y, wy). Then we have

PE(Lw)={feV:>(Lw)/fYVeP>* (L w), for j=k—1,k}.
Remark. A similar result is true for w, € B ([a, b)) or w, € B, ((a, b)).

Proof. 1If k=1, the result is a direct consequence of Theorem 5.6.
Assume that k > 2. The argument follows the same lines as the one in the
proof of Theorem 5.6. By Theorems 5.1 and 5.3 we can assume that
b=a+e¢. Given a function f with /e P** (I, w)), for j=k—1,k, let us
consider the sequence { f,} in the proof of Theorem 5.6. As in the proof of
Theorem 5.6, we also have f*~—1 — f&=1 in W< (I w), as n— .

By Proposition A there is a positive constant ¢ such that

k—1
clglhwr o w < &l wk = o ..ow_.wnt Y g (D),

Jj=0

for all ge V* (I, w). Since (f —£,)VY) (b)=0 for 0 < j <k, we have
If =Sl e o wy S C Hf(k_l) _f;k_l)H Wl w) >

and we conclude that { f,} converges to fin W* (I, w). The proof finishes
with the arguments in the proof of Theorem 5.6.
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6. NON-BOUNDED INTERVALS

Although the main interest in this section is the case of non-bounded
intervals, the following result can be applied to the case of compact
intervals.

THEOREM 6.1. Let us consider a vectorial weight w = (wy, ..., Wi ). Assume
that there exist ae A and a positive constant ¢ such that

cllgllwr o, w<lg@)|+1g @]+ - + g% (@) + 11 g%] L, wy -
(6.1)

for every ge V* (4, w). Then,
PR (A, w) = {f: 4 R/f® e P> (4,w,)}.
Proof. We prove the non-trivial inclusion. Let us consider a fixed

function f with f® e P%* (4, w;). Choose a sequence {g,} of polynomials
which converges to f® in L (4, w;). Then the polynomials

0,(x) :=f(a) + f'(a)(x—a)+ - + f* D(a) %
. (X [)k_l
+[a qn(t) (k*l)' dl

satisfy

cllf—Oullwe o4, w) S Hf(k) - Qilk)HL"O(A, we) = Hf(k) —qn HLOO(A, wy) 2

since (f— Q,)Y) (a) =0 for 0 < j <k, and we conclude that the sequence of
polynomials {Q,} converges to fin W% * (4, w).

We show now that Theorem 6.1 is very useful finding a wide class of
measures satisfying (6.1). The following inequality is similar to the Muck-
enhoupt inequality which can be found in [Mu] and [M, p. 40].

ProrosiTiON (Muckenhoupt inequality I1). Let us consider two weights
W, Wy in (0, 00). Then there exists a positive constant c¢ such that

<c HgHLW([o,oo),wl) (6.2)
L2([0, ), wy)

Lx g(t) dt
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for any measurable function g in (0, o0), if and only if
B :=ess sup wy(r) j w, ()"t dt < 0.
r>0 0

Furthermore, the best constant ¢ in (6.2) is B.

Remark. A similar result is true for the intervals (a, co) and (— o0, a),
with ae R.

Proof. Assume that B < oo. We have

fO' a(1) dr

wo(r) < [ 1) wa(0)wy (1)~ di o)

r
< gl z=(ro. r1. wp Wolr) J wy (1)~ dt,
0

and this implies (6.2) with ¢ = B. If (6.2) holds, the choice of the function
g:=w; "' gives B<c¢< .

LEMMA 6.1.  Assume that wy(x) < cox™e =" and w,(x) = c,x%e~*, for

x=A, wyeL®([0,4]), w,€B_([0,4]), with i & cy c,, A >O and
oo, 0 ER. If g <oty +&—1, then wgy, wy satisfy Muckenhoupt inequality I1.

Proof. First of all observe that
(x%%) = x*~ 1" (a + bex?) .

( a bxg) a+£—1 bx“

This implies =x as x — oo, if b> 0. Therefore

,
J xaebx dxxra+l—eebr5’
A

as r — 0. Hence, we have as r - o

r r r
J wi(x)™! dxxj wi(x) tdx<e J XM dy = pmat Tt
0 A A

The expression wo(r) fowi!

bounded for big r, if

is bounded for r in a compact set; it is

lim r%e 2 p—a+1=8,4" o

r— oo

This condition holds since og <a; +&— 1.
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LEMMA 6.2.  Assume that wo(x) <koxP and w,(x) =k, x%, for 0 <x < b,
with ko, k>0, >0 and B, eR. If Bo=p,—1, then wy, w, satisfy
Muckenhoupt inequality I, with a =0.

Proof. 1f f;>1, we have

b b
J wl(x)_ldxécj xPrdx =rl—h

r r

If B, > 1, the expression F(r) :=w(r) [2 wi " is bounded for r e [&, b] (with
&> 0); it is bounded for re (0, ¢), if

lim rPorl =A< oo .

r—0+

This condition holds since f,>f,— 1. If f; <1, we obtain similarly that
F(r) is bounded since f,>0 and

1
F(r)<cr® log —,
r

for small r.
These lemmas give the following results.

ProrosiTION 6.1.  Consider a vectorial weight w in (0, oo), with

(1) wi(x)<e;xP, for 0<j<k, wi(x)=c xPx, in (0, a),

(2) wi(x)<ex* T ETNEDe=E L for 0K j<k, wi(x)>cxe ™,
in (a, o),

where aeR, a,e A, ¢;>0 for 0<j<k, and ;>0 for 0<j<k. If ;>
Br—(k—j), for 0< j<k, then

P& ([0, 00), w)={f: [0, 0) > R/f® e P**([0, 00), w)}.

Proof. An induction argument with Lemma 6.1 in (a, co) instead of
(0, c0), gives for 0< j<k and fe V**([a, o), w),

(x —a)F—/—1

f(j)(x)f(j)(a) ff(k—l)(a) (k—]—l)'

L*([a, ), wj)

<c Hf(k)HLw([a, o), wy) >
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and therefore

k—1

¢ Hf(j)”L‘”([a, w). w;) < H.f(k)HL‘”([a, o), wp) T Y IfP(a)l,
i=

for 0< j<k and fe V**([a, ), w). Consequently, we have

k-1
1S lwt o ra, o)) < LN 2ora, o), wo+ 2 1SVa)l, (6.3)
=0

j=

for all fe V**([a, ), w). If we use now Lemma 6.2 in (0, a), a similar
argument gives

k—1
c S ©([0,al, w) S ”f(k)HL"O([O,a], wp) T Z |f(“(a)| > (6.4)
i=0

j=

for all fe V**([0, a], w). Theorem 6.1, (6.3), and (6.4) give the proposi-
tion.

PROPOSITION 6.2. Consider a vectorial weight w in R, with

(1) W) <S¢ |xl*F 6D =2 for 0 j<k,  wilx)>

Cr |x|ae_/”x'i in (Ba OO)’

(2) W) S ¢ [x|FHEDED e F W for 0 f<k, w(x)
e x| e in (=0, — A),

(3) wi(x)eL*([ -4, B]), for 0< j<k, wi(x)e B, ([ —A4, B]),

where o, o' €R, A, B, ¢, &', A, ' >0 and ¢;> 0, for 0 < j<k. Then
Pe=(R,w)={f:R—> R/f®eP**(R,w)}.

Remark. The same result is true if we change R by (0, o).

Proof. The argument is similar to the one in Proposition 6.1, with 0
instead of a. In this case, we only use Lemma 6.1.

We can obtain similar results for weights of fast decreasing degree. The
following results are not sharp since the sharp results are hard to write and
do not involve any new idea.

Define inductively the functions exp,  _ ; as follows:

exp, (1) :=exp(4r), exp,,, .4, (1) :=exp(4, exp,,, _ ; ().
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Lemma 6.3.  Consider a scalar weight w(x) =< exp _; ;. ; (x°)in(0, o0),

where we have n>1 and &, 1, A5, ..., A,>0. Then w, w satisfy Muckenhoupt
inequality I1.

Proof. A straightforward computation shows that the derivative of the
function

n

XL exp g (X0,

i=2 "
converges to zero as x — co. Now, if »>0 we have that

n

d
Ir <eXpb, Ay v 2y (X°) x' eI €XD A 4y ys o A (xe)> = €XPp, 1, ..., 1, (X°),

n l:2 n
in (1, c0). Hence we have that

r n

f WﬁlxeXPil,lz,...,zn(Vs)’”178 I1 XD . 4y 10 2y (s

0 i=2
in (1, c0). Therefore

n

r
w(r) L woh=rt 7o 1] XD, 4y, 10 2y (s

i=2 "
in (1, o). This finishes the proof, since we L* ([0, «0)).

ProPOSITION 6.3.  Consider a vectorial weight w, with w;(x)<c;

CXP—AI,AZ,A.A,@UXP) in R, for 0< j <k, wi(x)=c, eXp—zl,Az,m,,{n(|x|s) in R,
where n>1 and €, Ay, Ay, we Ay Co» C1y ey €1 > 0. Then

Pe=(R,w)={f R-> R/f®eP**(R,w)}.
Remark. The same result is true if we change R by (0, o).

Proof. 1Tt is enough to follow the argument in the proof of Proposition
6.1, using Lemma 6.3 instead of Lemmas 6.1 and 6.2.
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